A singularly perturbed semilinear two point boundary value problem is considered, without any restriction on its turning points. A difference scheme is presented for solving this problem on an arbitrary locally quasiuniform mesh. It is shown that the solution of the scheme is first order accurate, uniformly in the perturbation parameter, in a discrete L 1 norm. Numerical results are presented for an adaptive method based on the scheme.
INTRODUCTION
Consider the singularly perturbed two-point boundary value problem ( "y 00 (x) + a(x)y 0 (x) ? b(x; y) = 0; 0 < x < 1 y(0) = A; y(1) = B; (1:1a) where A, B are given constants, " is a parameter in (0; 1], a( ) 2 (1:1c)
Note that no restriction is placed on the zeroes of a( ). Such zeroes are usually referred to as turning points of (1.1), and it is well known that their presence makes the numerical solution of (1.1) difficult.
The analytic solution of (1.1) may have boundary layers at x = 0; 1 and interior layers wherever a( ) vanishes (Berger et al. [2] make a more precise statement for the linear case b(x; y) = d(x)y ? f(x)).
Condition (1.1b) excludes ill-posed problems (Abrahamsson [1] ). It will be used here to prove existence and uniqueness of a solution y(x) to (1.1a), and to bound both kyk 1 and 
Stynes
The further condition (1.1c) guarantees that (1.1a) is stable with respect to the usual L 1 0; 1] norm (cf. Lorenz [7, Theorem 8] , [8, Theorem 1]). The stability of our difference scheme will also follow from this condition.
Several authors [2, 9, 14] have obtained convergence results which are uniform in " for the solution of problems similar to (1.1) on a uniform mesh. In practice however one often wishes to numerically "resolve" layers, which is computationally expensive if the mesh is uniform. It is therefore desirable to obtain a difference scheme which is uniformly in " accurate on nonuniform meshes. Liseikin and Yanenko [6] consider the case when a( ) has a single zero x 0 in (0,1) with a 0 (x 0 ) > 0 and (1.1a) is linear. They construct a difference scheme on a special nonuniform mesh and show that it is first order accurate, uniformly in ", in the discrete L 1 norm. While this approach is valid in particular cases, the construction of such special meshes relies on a fairly detailed a priori analysis of the continuous problem and its layers. It would be much more convenient to have a robust method which works for all problems of type (1.1), irrespective of the location and nature of the layers in the analytic solution.
It should be noted that good numerical results on nonuniform meshes have been obtained by Kreiss et al. [5] and by Syzmczak and Babuška [15] for specific problems similar to (1.1). However the theory in [15] is for non-turning point problems (a(x) > 0 for 0 x 1); in [5] the numerical solution of two-point boundary value problems for stiff linear systems of ordinary differential equations with turning points is considered, but the global error estimates obtained depend on the (possibly large) condition number of a certain matrix which is not always known a priori.
We shall consider a difference scheme for solving (1.1) on an arbitrary locally quasiuniform mesh. This scheme is shown to be first order accurate, uniformly in ", in a discrete L 1 norm (as Syzmczak and Babuška [15] have observed, such a norm is suited to measuring errors in the numerical solution of singularly perturbed problems). Based on this result, a procedure is proposed for solving (1.1) on an adaptive mesh. Numerical results are presented for this procedure. The requirement that the mesh be locally quasiuniform is of course not a hindrance when adapting the mesh so as to resolve layers in the computed solution.
Our difference scheme is generated using a Petrov-Galerkin finite element method. When piecewise linear trial functions are employed, the computed solution is first order accurate in the usual
In the case where (1.1a) is linear and a( ) has only a finite number of zeroes z 1 ; z 2 ; : : : ; z k in (0,1) with a 0 (z i ) 6 = 0 for all i and a(0)a(1) 6 = 0, the nodal errors in the computed solution are first order accurate in the discrete L 1 norm, uniformly in ", "away from" the layers. Inside each layer a lower order of accuracy obtains (see x7 for details). These L 1 convergence results hold even if (1.1c) is false.
THE CONTINUOUS PROBLEM
In this section we give some results for (1.1a,b) (condition (1.1c) is not used here).
Notation. Throughout this paper, C will denote a generic positive constant independent of "; x; y and the mesh. order to obtain the result of Lemma 6.1. This in turn is used to prove the L 1 stability of our difference scheme. If we always takeã i = a i , then our proof of L 1 convergence appears to break down; however our numerical experience has been that the behaviour of the scheme is essentially unaffected by this change.
We shall generate our difference scheme using a Petrov-Galerkin finite element method. The trial functions f i g N i=0 need not be specified completely for the present; we merely declare that they satisfy i (x j ) = ij (Kronecker delta) for 0 i; j N, are absolutely continuous on 0; 1], and lie in C We cannot yet define our test functions f j g N?1
j=1 . First define a set of preliminary test functions Test functions which like~ j satisfy an approximate adjoint equation have been a fruitful source of difference schemes for singularly perturbed problems; see O'Riordan and Stynes [11] .
Notation. For f; g 2 C 0; 1]; (f; g) 
EXISTENCE AND UNIQUENESS OF A SOLUTION TO THE DIFFERENCE SCHEME
In this section, as in x2, condition (1.1c) is not required. linear system of equations can be solved efficiently using simple tridiagonal Gaussian decomposition.
CONSISTENCY
The consistency result presented here is valid on an arbitrary mesh. Furthermore, it does not rely on the precise choice we have made for a; all that is needed is j a(x) ? a(x)j Ch i on each interval 
NORM
The arguments in this section are based on those of Lorenz [7] , who considered only uniform meshes. The generalisation to locally quasiuniform meshes which we present here is not immediate (see the remark preceding Theorem 6.3). The argument of the next Lemma is the rationale behind our choice of a in x3. where the inequality is understood co-ordinatewise and we have used the easy identity Proof. Imitate the argument of Niijima [9, [190] [191] ] mutatis mutandis. u t Remark 6.6. In the case a( ) 0, (1.1a) becomes a semilinear analogue of a self-adjoint differential equation and (3.6a) becomes a classical central differencing scheme. Theorem 6.4 is then a uniform in " convergence result for a scheme which is not exponentially fitted.
It should be noted however that exponentially fitted schemes will give greater accuracy in the linear self-adjoint case; in O'Riordan and Stynes [10] a scheme is given for which max i jy(x i ) ? u i j CH 2 on a uniform mesh, and it is easy to see that its analogue on an arbitrary nonuniform mesh will yield max i jy(x i ) ? u i j CH, where H is the maximum mesh width.
CONVERGENCE IN THE DISCRETE L 1 NORM
Condition (1.1c) is not required in this section. We consider the linear case where b(x; y) = d(x)y + f(x) with d( ) 0. We assume that a( ) has a finite number of zeroes in [0,1], located at points z 1 ; z 2 ; : : : ; z k 2 (0; 1). These turning points z j are taken to be simple, i.e., a 0 (z j ) 6 = 0 for all j. We also assume that each z j is a mesh point.
This problem is identical to that examined by Berger et al. [2] , except for the requirement that each z j be a mesh point. In [2] a modified form of the El-Mistikawy and Werle difference scheme was considered on a uniform mesh of width H. For our scheme (3.6), precisely the same convergence result holds on an arbitrary locally quasiuniform mesh. That is, the scheme is O(H) accurate at each node, except near turning points z j for which 0 < j 1. This result is proven using a consistency/barrier function argument similar to that of [2] ; however the calculations are extremely tedious so we do not reproduce them here.
AN ADAPTIVE METHOD
The convergence result of x6 holds on an arbitrary locally quasiuniform mesh. Consequently we can use our difference scheme in tandem with any procedure which adaptively refines the mesh around layers in the computed solution while preserving the local quasiuniformity property. In our implementation of (3.6), we have used a slightly modified version of the adaptive procedure of Kreiss and Kreiss [4] . (Unlike [4] we do not delete points from the mesh, as our numerical experiments showed that this slowed the running of the algorithm.)
For completeness we sketch a typical iteration of the mesh refinement procedure of [4] . Assume that the solution u of (3.6)
has been computed on a locally quasiuniform mesh 0 = x 0 < x 1 < : : : < x N = 1. Set We have tested (3.6) together with the above adaptive procedure on several linear problems satisfying (1.1) using an initial mesh x i = i=8, i = 0; 1; : : : ; 8 . In all cases all layers (interior and boundary) were resolved without difficulty. Furthermore, turning points at which the solution y(x) had no layer did not cause an unnecessary local refinement of the mesh. This is all to be expected from Theorem 6.4.
NUMERICAL RESULTS
We shall give three numerical examples here. Example 9.1 has a known analytic solution, enabling evaluation of the error in the computed solution. Example 9.2 has interior layers at points which are not mesh points, and a turning point at which y( ) is "smooth", i.e., has no layer. Our results demonstrate that the method resolves the layers sucessfully while eschewing unnecessary mesh refinement near the "smooth" turning point. Finally Example 9.3 corrects an apparent anomaly in a previous numerical example of Niijima [9] .
All computations were performed in FORTRAN double precision (approximately 14 significant decimal digits) on a DEC VAX 11/780 at University College Cork, starting from an initial uniform mesh of 9 points. and f(x) and the boundary data A, B are then determined by requiring y(x) to solve (1.1a). In Berger et al. [2] this problem was considered for = 1=4; 1=2; 3=4. We present results only for = 1=4, which is numerically the most difficult of the three cases.
We have taken z = 0:5, following [2] , but almost identical results were obtained for z = 0:49 (which is not a mesh point). Table 9 .1 lists discrete L 1 and L 1 norm errors for successive choices of (defined in x8). "Number of refinements" is the number of sweeps through the mesh during which the M-criterion of x8
caused further points to be inserted into the mesh. Although a direct comparison between these results and those of [2, Table 1 ] is impossible, it is clear that the adaptive method yields, at worst, comparable L 1 errors when similar numbers of mesh points are used, while at the same time it resolves the layer. 
